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Abstrat
Cosmi aeleration is investigated through a kink-like expression for the deeleration parameter (q). The new
parametrization depends on the initial (qi) and nal (qf ) values of q, on the redshift of the transition from deeleration
to aeleration (zt) and the width of suh transition (τ ). We show that although supernovae (SN) observations
(Gold182 and SNLS data samples) indiate, at high ondene, that a transition ourred in the past (zt > 0) they do
not, by themselves, impose strong onstraints on the maximum value of zt. However, when we ombine SN with the
measurements of the ratio between the omoving distane to the last sattering surfae and the SDSS+2dfGRS BAO
distane sale (Sk/Dv) we obtain, at 95.4% ondene level, zt = 0.84±
0.13
0.17 and τ = 0.51±
0.23
0.17 for (Sk/Dv+Gold182 ),
and zt = 0.88±
0.12
0.10 and τ = 0.35±
0.12
0.10 for (Sk/Dv + SNLS), assuming qi = 0.5 and qf = −1. We also analyze the
general ase, qf ∈ (−∞, 0) nding the onstraints that the ombined tests (Sk/Dv + SNLS) impose on the present
value of the deeleration parameter (q0).
1. Introdution
Sine the disovery of the aelerated expansion
of the universe in 1998 [1,2℄, onsiderable eort in
osmology has been devoted to determine the soure
of this aeleration. The two most ommon possi-
bilities disussed in the literature are: the existene
of an exoti omponent with suiently negative
pressure (dark energy) and proper modiations of
general relativity at osmologial sales (for reent
reviews see [3℄).
One way of making progress in determining the
osmi expansion history is through a model by
model analysis. Another is to arry out a phe-
nomenologial analysis with the use of dierent pa-
rameterizations of the dark energy equation of state
[4℄, the Hubble parameter [5℄ or the dark energy
density [6℄. This proedure may provide interesting
piees of information, but in general a parametriza-
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tion assumes the existene of dark matter and dark
energy as dierent substanes (barring a few exep-
tions no interation in the dark setor is onsidered)
and general relativity is in most ases assumed. In
this framework, an important question regards the
number of parameters neessary to get reliable on-
lusions. If too many are used, the allowed region
in the parameter spae ould be so large that it
would not be possible to get rm onlusions [7℄.
Otherwise, if not enough parameters are used, the
obtained results may be strongly dependent on the
partiular parametrization hoie and misleading
onlusions ould be reahed [8℄. The strategy we
follow here is to use a large (four) number of pa-
rameters in order to be quite general, but, based on
physial arguments, x two of them from the start.
We then relax the ondition on one of the xed pa-
rameters and obtain the ondene surfae on the
other three.
In this workwe aremainly interested in the follow-
ing questions: what is the redshift of the transition
from deelerated to aelerated expansion? How fast
was it? We investigate these by introduing a new
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parametrization for the deeleration parameter (q)
that depends on four parameters: the initial (qi) and
nal (qf ) values of q, the redshift of the transition
from deeleration to aeleration (zt) and a quan-
tity related to the width in redshift of suh transi-
tion (τ). With this formulation we aim to answer
the above questions with the minimum amount of
assumptions about the dark setor and the funda-
mental gravitation theory.
This paper is organized as follows: in Setion 2, we
present the new q parametrization and disuss some
of its properties. In Setion 3 the outomes of the
onfrontation of this parametrization with two su-
pernovae samples, the new Gold182 SNe Ia from [9℄
and the rst year data set of the Supernova Legay
Survey (SNLS) [10℄, are obtained (rst assuming
qf = −1 and qi = 1/2). We show that urrent su-
pernovae observations alone are not able to satis-
fatorily onstrain the transition redshift. To break
the SN Ia degeneray, we ombine this observable
with the ratio of the omoving distane to the last
saterring surfae (Sk(zls = 1098)) to the baryon
aousti osillations (BAO) distane sale (Dv(z))
at zBAO = 0.2 and zBAO = 0.35 as estimated in
[11℄. We show that the ΛCDM model is within the
region allowed by SNLS+Sk/Dv results but is ex-
luded forGold182+Sk/Dv data, at 95% ondene
level. We then disuss the broader ase with arbi-
trary qf exhibiting the 95% ondene surfae in the
parameter spae (zt, τ, q0) (q0 is the present value
of q), obtained using the SNLS+ Sk/Dv data. Our
onlusions are presented in Setion 4.
2. The Model
At large sales, it is a good approximation to
onsider a spatially homogeneous and isotropi
universe. With this assumption we are lead to the
Friedman-Robertson-Walker metri:
ds2 = dt2 − a(t)2
[
dr2
1− kr2
+ r2dΩ2
]
, (1)
where a(t) is the sale fator and k = −1, 0,+1
haraterizes the urvature of the spatial setions of
spae-time. From now on we will assume a at uni-
verse (k = 0), whih is in agreement with CMB re-
sults [12℄.
In terms of the Hubble parameter (H ≡ a˙a ), the
deeleration parameter an be written as:
q = −
a¨
aH2
=
d
dt
(
1
H
)
− 1. (2)
Therefore,
H = H0 exp
[∫ z
0
(q(z˜) + 1)d ln (1 + z˜)
]
. (3)
In this work, we propose the following phe-
nomenologial funtional dependene with redshift
for the deeleration parameter:
q(z) ≡ qf +
(qi − qf )
1− qiqf
(
1+zt
1+z
)1/τ , (4)
where qi > 0 (deeleration) and qf < 0 (aelera-
tion) are the initial (z ≫ zt) and nal (z = −1) val-
ues of the deeleration parameter, respetively. The
parameter zt denotes the redshift of the transition
(q(zt) = 0) and τ > 0 is assoiated with the width of
the transition. It is related to the derivative of q with
respet to the redshift at z = zt. More preisely,
τ−1 =
(
1
qi
−
1
qf
)[
dq(z)
d ln(1 + z)
]
z=zt
. (5)
The inuene of parameters zt and τ are demon-
strated in Fig. (1).
Expression (4) is similar in spirit to the one
suggested in [13℄ (see also [7,8,14℄), but here we
parametrize q(z) instead of w(z). One of the advan-
tages of using the above kink-like parametrization
for the deeleration parameter is that zt has a very
lear physial meaning. Dierent physial aspets
and parameterizations of q(z) were also investigated
in [15℄. With the above denition, equation (3) is
now integrated to give,
(
H(z)
H0
)2
= (1 + z)
2(1+qi)
×

 qi
(
1+zt
1+z
)1/τ
− qf
qi (1 + zt)
1/τ − qf


2τ(qi−qf )
. (6)
We now dene an eetive matter density parameter
(Ωm∞) as
Ωm∞ ≡ lim
z→∞
(
H(z)
H0
)2
(1 + z)
−2(1+qi) , (7)
where the limit should be understood as z >> zt.
In most (and simplest) senarios, in order to form
large sale strutures, the universe passes trough a
kind of matter dominated phase suh that, at early
times (but after radiation domination), H2 ∝ (1 +
z)3, whih implies q = 1/2. In this work we x qi =
1/2 reduing to three the number of free parame-
ters. In priniple, with this assumption we are losing
2
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Fig. 1. Inuene of parameters zt and τ in the funtional form of the deeleration parameter for the speial ase qi = 0.5
and qf = −1. Left - q(z) for zt = 1.0 and τ=0.1 (green dashed), 0.3 (full blak) and 0.5 (blue dot-dashed). Right - q(z) for
τ = 0.3 and zt = 0.5 (green dashed), 1.0 (full blak) and 1.5 (blue dot-dashed).
generality but the question is: howmuh qi an devi-
ate from 1/2 during large sale struture formation?
In the general relativity framework, in some models
with a onstant oupling (δ) between dark matter
and dark energy this ondition (qi = 1/2) is not sat-
ised. In this ase we haveH2 ∝ (1+ z)(3+δ) during
matter domination. But, what are the allowed val-
ues for δ? In [16℄ it has been shown that bakground
osmologial tests, impose |δ| < 0.1. Taking into a-
ount matter perturbations stronger onstraints on
the oupling an be obtained [17℄. Another possibil-
ity is to onsider models in whih matter has pres-
sure, suh that when it dominates qi 6= 1/2. How-
ever, if matter perturbations are adiabati, due to a
nite speed of sound, the mass power spetrum will
present instabilities ruling out these models unless
p = 0 (q = 1/2) or very lose to it. In priniple, it is
possible to irumvent this kind of problem by as-
suming entropy perturbations suh that δp = 0 [18℄.
However, in this ase the models may have prob-
lems with lensing skewness as pointed out in [19℄.
Although there are some indiations that by xing
qi = 1/2we are not losing muh in our desription of
the majority of the viable models, relaxing this on-
dition requires further investigation, and we leave it
for future work.
In the spei ase qi = 1/2 we have ,
Ωm∞ =
(
1−
1
2qf
(1 + zt)
1/τ
)
−τ(1−2qf )
. (8)
With the above denition, we an eliminate zt from
equation (6) and rewrite it as
(
H(z)
H0
)2
= (1 + z)
3
×
(
Ω
1
τ(1−2qf )
m∞ + (1− Ω
1
τ(1−2qf )
m∞ )(1 + z)
−
1
τ
)τ(1−2qf )
.(9)
The above expression for H(z) in terms of Ωm∞ is
very useful to make onnetions with models already
disussed in the literature. For instane, it is simple
to verify from (9) that the parametrization (4), in
the speial ase qi = 1/2, is related to the Modi-
ed Polytropi Cardassian (MPC) model [20℄. This
model depends on three parameters:m (denoted by
q in [20℄), n and Ωm0. If we identify, Ωm0 = Ωm∞,
m = 1/(τ(1 − 2qf )) and n = 2/3(1 + qf ), it fol-
lows that the two models have the same kinemat-
is. Note that, sine qf < 0, the ondition n <
2/3 follows naturally. We remark that in the MPC
model, Ωm0 is the present value of the matter den-
sity parameter, while Ωm∞ is dened at high red-
shift. These two quantities do not neessarily have
the same value in the general ase if, for instane,
dark matter and dark energy are oupled [21℄. As an
example, onsider models with a variable oupling
between dark matter and dark energy (assumed to
have onstant equation of state wx), and suh that
ρX/ρm = ρX0/ρm0a
ξ
[22℄. These models an be de-
sribed by Eqn. (9) if we identifyΩm0 = Ω
1/τ(1−2qf )
m∞ ,
ξ = 1/τ and wX = −(1 − 2qf )/3. As remarked be-
fore, in our formulation it is not neessary to make
strong assumptions about the dark setor or gravity
theory. In MPC model the universe omponents are
speied to be matter and radiation; there is no dark
energy. The parametrization (4) inludes the MPC
model (and the oupling models above) as speial
3
ases.
Negleting baryons, the quartessene Chaplygin
model (p = −M4(α+1)/ρα) [23℄, is obtained if we as-
sume qi = 1/2, qf = −1, identify 1/τ = 3(1+α) and
Ωm∞ = (1 − w0)
1/(1+α)
, where w0 = −M
4/ρα+10 is
the present value of the equation of state parameter.
The onventional dark energy model with on-
stant equation of state (wX) is obtained if we iden-
tify Ωm∞ = Ωm0 and impose the ondition−3wX =
1/τ = (1−2qf) in Eqn. (9). In partiular, if qf = −1
and τ = 1/3,ΛCDM is reovered. For this model the
transition redshift is equal to (2(1−Ωm0)/Ωm0)
1/3−
1. Identifying ΛCDM in the parameter spae is very
onvenient; it ts urrent data quite well and we
should expet the true osmology not to be far
from this limit. We remark that, in the framework of
general relativity with non-interating dark matter
and dark energy, if τ < 1/3 and qf = −1, the dark
energy omponent will present a transient phantom
(w < −1) behavior, that ould either have started
in the past or in the future (z < 0). Models with
τ > 1/3 are always non-phantom.
It is urious that if we apply the denition of τ ,
given by Eqn. (5) (assuming qi = 1/2 and qf = −1),
to the at DGP brane-world model [24℄ we obtain
τ = 1/2, independent of Ωm0. Therefore q-models
with zt = (2(1 − Ωm0)
2/ Ωm0)
1/3 − 1 (the DGP
redshift transition) and τ ≈ 1/2 are expeted to be
a good approximation for at DGP models.
3. Observational Constraints
One of the main questions today in osmology is
to know if osmi aeleration is generated by a os-
mologial onstant or not. The data seem to indiate
that models lose to ΛCDM are favored. In our
analysis we rst onsider the speial ase of models
that have a nal de Sitter phase (qf = −1). In this
ase, the at ΛCDM model is more easily identied
in the parameter spae allowing a simple test of the
ΛCDM paradigm. The more general ase, with ar-
bitrary qf , will also be briey onsidered.
Assuming qf = −1 we now derive onstraints on
the parameters τ and zt by ombining supernovae
measurements with the ratio of the omoving dis-
tane to the last saterring surfae, Sk(zls = 1098),
to the BAO distane sale, Dv(z), at zBAO = 0.2
and zBAO = 0.35, as estimated in [11℄. In fat, the
ratio Sk/Dv times zBAO is equal to the ratio of the
CMB shift parameter (R) [26℄ at zls to the BAO pa-
rameter A(zBAO) [25℄. This observable is appropri-
ate for our purpose for two reasons. First, it does not
expliitly depend on the exoti dark onstituents of
the universe and neither on the gravity theory. It
is essentially ontrolled by the funtion H(z)/H0.
Seond, omplementarity with the SN onstraints
is generated beause the Sk/Dv ratio and SN are
sensitive to distanes to objets (events) in dierent
redshift range; with supernovae we are measuring
distanes up to z ∼ 1 − 2, while Sk depends on the
omoving distane to z ∼ 1100.
In the SN Ia analysis we onsidered both, the
Gold182 [9℄ and the SNLS [10℄ samples. To deter-
mine the likelihood of the parameters we follow the
same proedure desribed in these two referenes.
In our omputations, when marginalizing over the
Hubble parameter, we use aGaussian prior suh that
h = 0.72± 0.08 [27℄. In Fig.2 (left-panel), assuming
qf = −1, we display onstant ondene ontours
(68% and 95%) in the (arctan zt, τ) plan allowed by
SN experiments. Notie that, for the two SN data
sets zt < 0 is not allowed at a high ondene level,
indiating that a transition ourred in the past. We
remark that this is expeted in ΛCDM models (or
other models) that have a non-null transition time,
but our results indiate that this is true even if the
transition is instantaneous (τ = 0). This onlusion
also applies if qf 6= −1. Furthermore, it is also lear
in Fig.2 (left-panel) that urrent SN observations
annot impose strong onstraints on the maximum
value allowed for zt. Sine SN observations prove the
universe only up to redshift z ∼ 1 − 2, in a model
in whih the transition is slow (τ & 1), even if zt is
high, the distane to an objet, let say, at z . 1, an
be similar to the distane to the same objet in an-
other model in whih zt . 1 with a faster transition
(smaller τ). This explains the shape of the SN on-
tours. By omparing the ondene ontours for the
two data sets, we observe that those from Gold182
are shifted to lower zt with respet to those from
SNLS. We remark that even in the region of more
interest (zt . 1), the dierene between the out-
ome of the two SN Ia data sets, although not so
severe, exists and is important. Similar results were
obtained in [28℄, whih an be related to possible in-
homogeneities present in the Gold182 sample and
should be further investigated.
To obtain the onstraints on the parameters from
the Sk/Dv test, we use a χ
2
statistis taking into
aount the orrelation matrix and the ratio rs/Sk
given in [11℄. Sine we are assuming at spae we
have, Dv(zBAO) = [zBAOH
−1(
∫ zBAO
0 dz˜H)
2]1/3
4
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Fig. 2. Left - Constraints imposed by SN Ia observations. The ontours represent 68% and 95% .l. . The green-dashed urves
are from Gold182 data set and the blue-solid ones stand for SNLS rst year data set. Right - Constraints imposed by Sk/Dv
measurements [11℄ (68% and 95% .l.) as explained in the text. The red horizontal line in both panels orresponds to at
ΛCDM models. Notie that, for these models, higher values of zt orrespond to smaller values of Ωm0. For both panels qf = −1
is assumed.
and Sk =
∫ 1098
0 dz˜H
−1
e . The He term in the deni-
tion of Sk inorporates the neessity of taking into
aount the ontribution of radiation at very early
times, whih is not inluded in our parametriza-
tion Eqn. (4). One may argue that by introduing
radiation we are losing generality. However, any
late time modiation of the standard osmologi-
al model should satisfy Big-Bang nuleosynthesis
(BBN) onstraints at very early time. We know
that radiation exists and what should be the de-
pendene of the Hubble parameter with redshift
at very early times (when radiation dominates) in
order not to spoil BBN's suess. During this phase
H2 ∝ (1 + z)4 and q = 1. Therefore, to take radia-
tion into aount, we add the term Ωr0(1 + z)
4
to
the right hand side of (6) when applying it to al-
ulate Sk. If we do not onsider it, we would have a
∼ 18% error in estimating Sk.
We marginalize the likelihood over h with the
same Gaussian prior used in the supernovae analy-
sis. In fat, Sk is almost independent of h; the de-
pendene entering only through the radiation term.
In Fig.2 (right-panel) we show onstant ondene
ontours (68% and 95%) in the (zt, τ) plan allowed
by the Sk/Dv test. It is worth to be mentioned that
the shape of the 95% ontour is similar to ontours
of onstant Ωm∞ and we an think that this test
essentially onstrains this quantity. The same kind
of behavior also appears in at, onstant w mod-
els [11℄. Furthermore, it is lear from the gure the
omplementarity between the SN and this test.
To get the ombined (SN+Sk/Dv) results we mul-
tiply the marginalized likelihood funtions. In Fig.3
(left-panel) we show the results (68% and 95% .l.)
of the Sk/Dv test with the Gold182 (green dashed
ontours) and with the SNLS (blue dot-dashed on-
tours) data set. The red horizontal line in the gure
represents the ΛCDM limit (τ = 1/3). It shows that
this model is in good agreement with the Sk/Dv +
SNLS data. After marginalizing over the extra pa-
rameter [29℄ we nd for Sk/Dv+Gold182 (at 95.4%
ondene level), zt = 0.84±
0.13
0.17 and τ = 0.51±
0.23
0.17,
while for Sk/Dv+SNLS we have, zt = 0.88±
0.12
0.10 and
τ = 0.35±0.120.10. For a model with qf = −1, τ =
0.35 and zt = 0.88, we obtain from Eqn. (8) that
Ωm∞ = 0.23. It is also simple to show that the age
of the universe in this partiular model (assuming
h = 0.72) is 14.0 Gyr and that osmi aeleration
started 7.2 Gyr ago. Notie that the ΛCDM os-
mology (τ = 1/3) is in good agreement with Sk/Dv
+ SNLS, but exluded at 95.4% ondene level by
the Sk/Dv+Gold182 data. This disrepany reveals
tension between the two SN data samples and re-
infores the neessity of better SN data to larify
the issue. We also display in the same gure (solid
ontour) what should be expeted from future sur-
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Fig. 3. Left - 68% and 95% ondene levels imposed by the ombined data sets of gure (2). The green-dashed (blue-dot-dashed)
ontours represent Gold182 (SNLS)+ Sk/Dv. The small blak-solid ontour (95% .l.) was obtained from simulated data as
explained in text. For the gure qf = −1 is assumed. Right - We show, in the parameter spae (zt, τ, q0), the 95% ondene
surfae for the qf general ase (qf ∈ (−∞, 0)), obtained using SNLS+Sk/Dv data.
veys when ombining SN Ia+Sk/Dv measurements.
In our Monte Carlo simulations we used as duial
model a at ΛCDM model with Ωm0 = 0.23 (τ =
1/3, zt ≃ 0.88). For SN Ia we onsidered a SNAP-
like survey assuming that the interept is known. For
the Sk/Dv test we used a onservative (but some-
what arbitrary) assumption that the unertainties
will be redued to 2/3 of their urrent values. We
also assumed that the orrelation oeient would
remain the same. In the gure we show the 95% on-
dene ontour.
We also analyzed the broader ase with arbitrary
qf . Our parametrization (4) allows us to determine
the present value of q (q0) in terms of zt, τ and qf .
Although the onsidered data sets do not impose a
lower bound for qf , they do onstrain q0 (we found
−1.4 . q0 . −0.3). In Fig.3 (right-panel) we show,
in the parameter spae (zt, τ, q0), the 95% ondene
surfae for the general ase (qf ∈ (−∞, 0)), obtained
using SNLS+Sk/Dv data.
4. Conlusion
In this work, with a formulation that avoids strong
assumptions about the dark setor and/or the met-
ri theory of gravity, we showed that by using only
SN data the transition redshift (from deelerated
to aelerated expansion) ould be very large (zt >
10). We demonstrated the importane of ombin-
ing the SN test with the Sk/Dv test to better on-
strain the parameters zt and τ . We introdued the
parameter τ and showed its relevane to haraterize
models like at ΛCDM, DGP and others. We on-
rmed that there is a tension between Gold182 and
SNLS data sets with a quite general formulation.We
also exhibited what should be expeted from future
SN + Sk/Dv observations and, relaxing the ondi-
tion qf = −1, obtained urrent onstraints on the
parameters zt, τ and q0. A more detailed analysis
of the onsequenes of our parametrization in the
ase qf 6= −1 is still neessary. For instane, our
parametrization is not able to desribe, in all their
redshift range, models that are now aelerating but
that deelerates again in the future [30℄. The desrip-
tion of the expansion history of these models is more
ompliated sine it requires a seond transition. It
would be interesting to investigate under what on-
ditions it would be possible to desribe, with our
parametrization, the behavior of these kind of mod-
els for z > 0. The ase qi 6= 1/2 should also be fur-
ther investigated. These issues will be disussed in
subsequent work.
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